Surface plasmon enhanced second harmonic generation in gold grating slabs was investigated. The efficiency is analyzed with respect to the phase matching at the fundamental and the second harmonic frequencies. A classical electromagnetic model was developed under the weak nonlinearity approximation and solved by the finite element method. The measured zero-th order transmitted second harmonic intensity was found to be in quantitative agreement with numerical results. It is shown experimentally and numerically that proper phase matching at both frequencies improves the second harmonic efficiency.
Optical second harmonic generation (SHG) in metallic nanostructures and nanoparticles has received renewed interest lately 1, 2 . In addition to producing localized electromagnetic fields, periodic arrangements of subwavelength, polarizable elements have also been shown to produce a variety of anomalous properties, such as negative refractive index 3 and zero index 4 that could result in advantageous phase matching processes not easily obtained with natural materials. Current experiments have investigated enhanced SHG due to field localization at the fundamental frequency. While high field density certainly enhances the nonlinear coefficient, an truly efficient nonlinear process also requires good phase matching. 5 In this Letter, we show numerically and experimentally that proper phase matching at both fundamental and second harmonic frequencies is important in achieving an efficient SHG.
A number of theoretical approaches [6] [7] [8] [9] [10] [11] [12] have been presented in the past for calculating nonlinear coefficients of periodic structures. Analytical 6, 7, 11 and semi-analytical 10, 12 approaches are most suited for scenarios where a subwavelength unit cell consists of spatially slow-varying structures or the wavelengths of interest are significantly larger than the unit cell. It will be shown that a numerical method is necessary to accurately model the SHG behavior of these periodic structures since a small geometrical modification of the unit cell can have a much stronger influence on it than linear optical properties. In this Letter, a classical electrodynamic model is solved for an Au grating slab under the weak nonlinearity approximation using the finite element method (FEM). In the absence of interband transitions, the response of the conduction electrons to an external electromagnetic field may be calculated by 
Compared with a semi-classical hydrodynamic approach, this classical model ignores the contribution of electron pressure, which can be shown to have a weaker role in second harmonic generation than in photon induced voltage, another secondorder nonlinearity. 13 Current density due to electron transport a) Electronic mail: wankuang@boisestate.edu in the metal J J J = nev v v and the charge density ρ satisfy charge continuity ∂ ρ/∂t + ∇ · J J J = 0. Under the weak nonlinearity approximation, or non-depleted pump approximation, all variables in Maxwell's equations can be expanded as a series of orders where A = A (1) e iω 0 t + A (2) e 2iω 0 t + · · · and A is either E E E, H H H, J J J, or ρ. The vector Helmholtz equations for the fundamental frequency and the second harmonic are 14 ,
where
Equations (2)-(3) were solved by FEM using the commercial software COMSOL 15 in the coupled multiphysics mode. The nonlinear driving force S S S (2) is modeled as a weak contribution in COMSOL. The two-dimensional simulation was performed for a single period of an infinitely wide grating slab using a Bloch-Floquet boundary condition, port boundaries, and a perfectly matched layer boundary condition. 14 The second harmonic intensity was calculated for the Au grating slab shown in the inset of Fig. 1 as a function of wavelength and incident angle. The grating slab consists of a 50 nm thick Au film and a 3 nm thick chromium adhesion layer on a fused silica substrate. The refractive index of the substrate n g is described by 16 
in the calculation. Periodic grooves with a 1.18 µm spacing were etched into the Au film by electron beam lithography and ion beam etching. 17 The etching stopped short of completely removing the Au film to maintain electrical continuity of the grating. The calculation shows that the SHG on a two-dimensional grating slab is strictly p-polarized for ppolarized incidence. This result is consistent with analytical solutions 6,11 on a periodically corrugated metal film, which shows that no s-polarized SHG exists when the excitation field is purely s-or p-polarized. Figure 2 shows the normalized radiation intensity for the zero-th order transmitted SHG measured at the incident wavelength of 1200 nm and the incident angle of α = 32.2 • , as defined in Fig. 1 . The intensity as a function of analyzer angle matches closely with the cos 2 function expected for a linear polarization. In the measurements, the incident light was produced from an optical parametric amplifier (Light Conversion, TOPAS-400) pumped by the second harmonics (Light Conversion, SHBC) of a Ti:Sapphire regenerative amplifier (Coherent, Legend Elite). The wavelength was varied from 1.1 µm to 1.3 µm in the measurements. The laser beam was p-polarized and focused at the sample surface with a beam width of approximately 0.3 mm. The zero-th order transmitted light passed through a short-pass filter (Edmund Optics) and a band-pass filter (Semrock) to remove the optical power at the fundamental frequency. The SHG intensity was measured by a thermally cooled CCD camera (Princeton Instruments, ProEM 512) as a function of incident angle and wavelength. The pulse duration was 1.2 ps measured by auto-correlation, and the pulse energy was kept constant for all wavelengths at 2 µJ at the grating surface. Additionally, the transmitted SHG intensity was found to be in expected quadratic relationship with the incident power. Figure 3 shows calculated and measured SHG intensity as well as absorbance of the Au grating slab. For the sake of clarity, results from only selected wavelengths are shown in the figure. Since the calculations were performed in the frequency domain, the results are scaled with the assumption that the pulse duration for SHG was unchanged. In addition, a transmission efficiency of 64% was assumed for the emission filters and lenses. 14 Two groups of intensity peaks can be observed in Fig. 3 -one near normal incidence and the other around the incident angle of 32 • . These two groups match surface plasmon excitations at the Au-air and Au-substrate interfaces, respectively. It is clear that the measured SHG emission due to Au-air surface plasmons was significantly higher than numerical results. This behavior is due to surface contamination whose nonlinear response is enhanced by the localized electromagnetic field. It has been utilized for surface enhanced nonlinear spectroscopy 18 but will be excluded from the analysis due to the difficulty of characterizing the contaminants.
The SHG occurring on a Au grating slab can be qualitatively understood by phase matching, as illustrated by Fig. 1 . Surface plasmons are excited according to the phase relation
where p is an integer representing the coupling diffraction order. k Λ = 2π/Λ is the reciprocal lattice vector, and k k k ω spp is the surface plasmon wave vector. In this experiment, the incident beam impinges on the grating slab at a direction perpendicular to the grating groove. As a result, k k k Λ , k k k ω spp , and k ω 0 sin α are in the same direction. Hence, the phase relation is satisfied in a scalar sense. For SHG, two photons having the same k k k ω 0 produces surface plasmons of the identical k k k ω spp shown as gray arrows in Fig. 1 . The excited surface plasmon, in turn, radiates at the second harmonic frequency elastically under the phase matching condition 2k k k
where m is an integer representing the coupling diffraction order. A number of SHG diffraction orders can be produced, two of which, k k k In comparing the SHG intensity with the absorbance shown in Fig. 3 , it is clear that SHG is the strongest when the absorption is the highest. However, the difference in SHG intensity at the λ 0 = 1200 nm and 1240 nm indicates that factors other than absorption also influence SHG efficiency. At the wavelength of λ 0 = 1240 nm, surface plasmon excitation occurs due to the diffraction orders of p = 1 and −2 as labeled in Fig. 3d . For the generation of zero-th order transmitted second harmonic, which has a wave vector k k k 2ω −2 , Fig. 1 shows that efficient coupling of surface plasmons with the reciprocal lattice vector of order m = 2 is required. At λ 0 = 1240 nm, a mismatch of nearly 10 • between the two diffraction orders makes the SHG process inefficient. In contrast, an order of magnitude more intense SHG can be obtained at λ 0 = 1200 nm when the two diffraction orders are achieved nearly simultaneously at 32 • . The importance of phase matching can also be observed at λ 0 = 1230 nm where the SHG intensity is higher than that at 1240 nm even with lower absorption. The interactions between two diffraction orders result in multiple peaks, as observed in Fig. 3b .
From the phase matching analysis, it is expected that the zero-th order transmitted SHG intensity can be improved by increasing the strength of second-order diffraction. This can be achieved by changing the grating profile so that the incident wave is operated in the near Littrow configuration. Figure 4 compares the zero-th order transmitted SHG intensity calculated for a grating slab with a rectangular and trapezoidal groove profile under the same incident power density. The sidewall of the trapezoidal groove forms a 30 • angle with the surface normal of the substrate. To focus on the issue of diffraction strength, the trapezoidal groove is made symmetric in the calculation to avoid the possibility of second harmonic enhancement due to the asymmetric distribution of the surface electromagnetic field along the grating direction. As observed in Fig. 4 , a factor of 3 increase at the wavelength of 1160 nm can be obtained by simply changing the groove profile from rectangular to trapezoidal. The total transmitted SHG intensity is also increased. 14 Further investigation indicates that the two grating profiles differ little in terms of absorption which rules out the possibility of more efficient surface plasmon excitation. This change of SHG intensity due to a small geometrical modification of the structure indicates that a numerical, and even microscopic modeling of SHG is necessary.
In summary, surface plasmon enhanced SHG on a Au grating slab was investigated numerically and experimentally. A classical electrodynamic model was solved under the weak nonlinearity approximation and found to be in good agreement with the measurements. It was shown that proper phase matching can achieve significant improvement in SHG efficiency.
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The supplemental material includes nite element modeling with COMSOL using multiphysics model and more detailed results not shown in the manuscript.
I. COMSOL MODELING
The vector Helmholtz equations with respect to E for the fundamental frequency and the second harmonic are [1]
In the Cartesian coordinate, the nonlinear driving force S (2) can be written as,
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The form of the equation for electric eld Helmholtz equations, Eqs. (1) and (2), is somewhat simpler than that for the magnetic elds. The two Helmholtz equations (1) and (4) are solved by two COMSOL models referred to as emw1 and emw2 in the following context. emw1 is for the eld propagation at the fundamental frequency and emw2 for the electromagnetic radiation at the second harmonic. The two models are coupled by S Table I . For transmitted diracted beams, the port mode settings are shown in Table II . A total of 3 and 5 ports are dened for the top and bottom boundaries, respectively.
The periodic boundary conditions require the mesh to be identical on the boundaries when dealing with vector degrees of freedom, as is the case in the TM mode propagation. This is accomplished by copy edge meshes of the corresponding boundaries. Since the electromagnetic eld is localized at and near the Au lm, it is desirable to increase the mesh density accordingly. This is particularly important for the emw2 model because a smaller mesh size is necessary to properly calculate the spatial derivatives of the electromagnetic For the emw2 model, the calculation is also performed on the same unit cell of the grating slab with Bloch-Floquet boundary condition. Due to the conservation of momentum, the phase factor for the emw2 model shall be twice of that dened for the emw1 model. In order to couple the solution from the emw1 model, a weak contribution,
, is added to the otherwise source-less Helmholtz equation.
Since the generated electric eld consists of all vector components in general, the modeling of SHG will be performed on three-component Helmholtz equation rather than on TE or TM eld separately. As a result, dening port boundaries for the emw2 model is not practical.
Instead, perfectly matched layers (PMLs) are added to the top and bottom of the calculation domain to allow the eld radiating out of the domain without reection. The reected and transmitted SHG intensity for each diraction order is calculated by projecting the solution to a sum of plane wave solutions. For the TM mode, the electric eld consists of a scalar quantity E z (x, y). In a periodic structure, the eld at any given y 0 can be written as a sum of spatial harmonics,
The power density for each spatial harmonic is a constant, given by
where Z 0 is the impedance of the medium. The power density assumes the direction of
zẑ /k 0 . The total power carried by each spatial harmonic for a period is
(11) Figure 3 shows the transmitted SHG intensity as a function of incident angle for dierent diraction orders. The zero-th transmitted SHG intensity has a diraction order of m = −2.
Equations (1)- (4) applies to both dielectric and metallic materials. For metallic materials, it is described by plasmon frequency ω p and plasmon lifetime τ in addition to its nondispersive dielectric constant ε ∞ . The nondispersive dielectric constant is a tting parameter to minimize the dierence between the Drude model and the measured dielectric constant of the metal. In practice, the dielectric constant of a metal is aected by many factors, such as, surface preparation and deposition method. Drude model is only a very 
after the reference [1] . For dielectric media, the materials possess an eective lifetime τ = 0.
Hence without the presence of metal, Eqs. (1) and (2) 
II. RESULTS
The calculation was performed in the frequency domain for a single period of the grating slab, as shown in Fig. 2 . Hence, the numerical results needed to be scaled in order to compare with the measurement. Using the port boundary, the calculation assumed a power of 1 W for the incident plane wave. For 2D modelings, COMSOL assumes the third dimension (in the z direction) to be 1 m. As a result, the incident power density is It is obvious that this power density is much lower than that employed in the experiments, which can be estimated by
Because SHG intensity is quadratically related to the incident power density for classical electromagnetic calculations, the calculated SHG power density can be simply scaled by
(S e /S n ) 2 for the incident power employed in the experiments. As a result, the calculated SHG intensity is the product of the scaled power density, the device area (350 µm × 400 µm), and the pulse duration.
A. SHG intensity v.s. incident power
The SHG intensity as a function of incident pulse energy is shown in Fig. 4 for Au grating slab at the wavelength of 1240 nm. It cab be seen that SHG intensity maintains a nearly quadratic relationship with the incident power, as expected for SHG. suggests that the enhanced zero-order transmitted SHG intensity is not due to an increased absorption. The degenerate resonant frequency for trapezoidal grating is approximately 5 nm blue-shifted than the rectangular grating, suggesting a subtle change in surface electromagnetic modes.
As a result of the resonance frequency shift due to dierent grating prole, the transmitted zero-th order SHG intensity also displays a similar frequency shift. In Fig. 6 , the zero-th order transmitted SHG intensity is shown as a function of incident angle and wavelength for both groove proles. Even though the calculation is not performed for the wavelength shorter than 1160 nm, it is clear that peak SHG intensity is achieved over a broader wavelength range for trapezoidal grating slab.
Finally, the total transmitted SHG intensity as a function of incident angle and wavelength is calculated for grating slabs of both groove proles. This includes SHG intensity of all propagating diraction orders. Figure 7 shows that the total SHG intensity is enhanced by the change of groove prole but to a smaller extent than the zero-th order transmitted SHG intensity. 
